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Abstract 
 
In this paper, the layerwise model for laminates with imperfect interfaces and enhanced 
in Part 1 of this work is confronted with experimental results. The model calculations 
are validated by comparing its sliding predictions in double lap adhesive joints to the 
sliding measurements performed in a previous paper. The model predictions agree with 
the experimental results. Finally, the model is applied to the failure analysis in double 
lap joints and T-peel joints exhibiting adherend, adhesive and cohesive failures. The 
model calculations and pertinent failure criteria provide accurate predictions and may 
become a helpful tool suitable to the design of adhesive joints. 
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Introduction 
 
An optimized structural design requires operational models to calculate stresses and 
predict strength. For laminated structures and adhesive joints with a plate or shell 
topology, several 2D models have been developed [1-4] to calculate stresses and 
displacements. Interfaces play an important role in the strength of laminates and 
adhesive joints [5-10]. Consequently, an accurate strength prediction must involve a 
calculation of interfacial stresses. 
 
Layerwise models are suitable to the analysis and accurate evaluation of interfacial 
stresses and edge effects on these stresses. The unified formulation proposed by Carrera 
et al [11,12] is a powerful tool which may be applied to build layerwise models. In these 
models, an approximation of displacements or stresses and displacements through the 
thickness of each layer is proposed. The Reissner’s variational method [13] or the 
principle of virtual displacements is commonly used to obtain the constitutive 
equations. Another type of layerwise model is the local model developed by Pagano 
[14]. The local model starts with a stress approximation through the thickness of each 
layer and applies the Reissner’s variational method to obtain the equations of the model. 
The stress field selection verifies the continuity conditions across the interfaces of the 
multilayer. The key point which is not often highlighted is that no displacement 
approximation is made despite the use of a mixed formulation. The Hellinger-Reissner 
functional helps to identify 2D generalized displacements, energetically associated to 
the generalized forces which derived to the stress approximation, but no constraint 
conditions on the 3D displacement fields are made. “Note that we refrain from 
assuming the form of the displacement field in accordance with the objectionable 
features of that approach” ([14], p.389). These considerations lead to a less constraint 
model than those where both displacement and stress components are approximated. 
Moreover the study of stress controlled phenomena could be more natural and more 
convenient with a direct description of stress fields. More recently, Pagano’s local 
model has been simplified to obtain a more operational layerwise model called M4-5N 
[15,16]. In this model, a polynomial approximation of stresses in each layer is proposed 
and the laminate is modeled by a superposition of Reissner plates [17] coupled with 
3 
 
interfacial stresses which ensure the continuity of the stress vector across the interfaces 
[16]. The M4-5N has already been validated for linear elastic problems [16]. 
 
Since layerwise models predict accurately stresses in the layers of a laminate, they are 
suitable to the prediction of failure onset in laminates. Carrera and Giunta [18] proved 
that a layerwise model can estimate correctly stress concentrations and predict 
accurately failure in a multilayered plate. In [19], Nali and Carrera proved the potential 
of a family of layerwise models to determine the failure envelopes when being applied 
with suitable failure criteria of composite materials. The case of in-plane biaxial loading 
was considered. Some of the criteria assayed were the maximum strain, Tsai-Wu [20], 
Tsai-Hill [21] and LaRCO3 [22] failure criteria. The latter is the most complete since it 
takes into account most failure phenomena in fibre reinforced unidirectional 
composites. In [23], Hadj Ahmed et al applied a layerwise model to the probabilistic 
analysis of failure in double lap adhesively bonded joints in order to determine the 
optimum length and thickness of the adhesive layer. In [24], Diaz and Caron predicted 
accurately thickness and ply angle effects on delamination onset in cross-ply carbon-
epoxy laminates by making use of the M4-5N layerwise model and a criterion involving 
the interfacial stresses. Dallot and Sab [25] and Limam et al [26] have also proved the 
potential of layerwise methods in predicting failure with a limit analysis approach.  
 
The failure predictions mentioned above consider linear elastic materials (except for the 
limit analysis approaches) and perfect interfaces. Nevertheless, non-linear phenomena 
such as plasticity and ratcheting [27] are usually encountered prior to failure when 
dealing with adhesives or other polymers. Cognard et al. have carried out experiments 
with adhesive joints which confirm that significant plastic strains in the adhesive layer 
precede by far failure initiation and affect the behavior of the joint [28]. A Drucker-
Prager-type yield function is more suitable than a Von-Mises one for adhesives [29]. In 
[30], Chataigner et al performed original observations and measurements in a double lap 
adhesively bonded joint which showed the evolution and growth of a plastic zone in the 
adhesive layer. In composite laminates, similar non-linear phenomena have also been 
observed at the interfaces of cross-ply carbon epoxy laminates [31,32]. Diaz and Caron 
measured an interface sliding which seemed to control a mode III delamination onset at 
the free edges of the laminates that they tested [31]. This sliding is due to important 
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plastic strains within a thin matrix layer located between composite layers. Owing to the 
experimental results mentioned above, if the adhesive layer or the thin matrix layer is 
modeled as an interface, this interface should be considered as imperfect and its non-
linear constitutive equations must be deduced from the 3D plastic equations (yield 
function and flow rule). In most adhesive joint designs, the thickness of the adhesive 
layer is less than 10% of the thickness of the adherends and an interface model for the 
adhesive is thus preferable in order to reduce the computational cost of the numerical 
tool derived from the model. Few layerwise models take into account imperfect 
interfaces and their non-linear constitutive equations. In Part 1 of this work, the 
layerwise model called M4-5N for the analysis of laminates with imperfect interfaces 
developed by Aquino de los Rios et al [33] was enhanced to accurately predict stresses, 
strains and displacement discontinuities across interfaces. 
 
In this paper, the enhanced layerwise model M4-5N developed in Part 1 of this 
investigation is confronted to experimental measurements. It is worth mentioning that, 
in the case of adhesively bonded joints, owing to the simplification of the adhesive layer 
in the layerwise modeling (it is modeled as an imperfect interface), complex 3D 
experimental phenomena may not be reproduced with our model. For example, if brittle 
adhesives are used, the fillet radius at the edge of the adhesive layer of the adhesive 
joint reduces the intensity of the stress singularity and increases the strength of the 
adhesive joint. In this case, our theoretical approach is not able to take into account the 
fillet radius in the modeling and a finer model of the adhesive layer would be required. 
The model is therefore not suitable for failure prediction in adhesive joints exhibiting a 
high sensitivity of the joint strength to the manufacturing quality of the adhesive 
application at the edges of the joints. On the one hand, if the fillet radius is not 
controlled, an important scattering of strength would be expected. On the other hand, 
controlling the fillet radius may become a complicate task. Thus, this case is not 
recommended for real world applications. In spite of the above mentioned defects, our 
modeling is suitable for those robust applications where the geometrical defects of the 
adhesive layer at the edges do not affect the strength of the adhesive joint. This is the 
case when a ductile adhesive is employed. Three cases considering such a kind of 
adhesive are analyzed in this paper and a failure prediction is performed by making use 
of pertinent criteria.  
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This paper is divided in two parts. In the first part, an experimental validation of the 
model is proposed by making use of the experiments with double lap joints performed 
by Chataigner et al in [30]. In the second part, suitable failure criteria are applied to 
predict failure onset in three types of adhesive joints and to compare the predictions to 
experimental results. The first type of joint is the double lap joint with composite 
adherends tested by Chataigner et al [30] and exhibiting adherend failure. The second 
type is a T-peel joint with steel substrates tested by Castagnetti et al in [34] and showing 
a cohesive failure. The third type is also a T-peel joint but with aluminium adherends 
tested by Castagnetti et al and exhibiting adhesive failure. 
 
1. Experimental validation of the model 
 
In [33], a comparison of the model results with the interlaminar sliding observed by 
Diaz and Caron [31] at the free edge of cross-ply carbon-epoxy laminates subjected to a 
tension load was proposed to identify the model parameters and test the accuracy of the 
model. In these laminates the “interface layer” was a thin matrix layer and its properties 
appearing in the model were those of an elastic, perfectly plastic material: the Young's 
modulus, the Poisson's ratio and the yield stress. In these experiments the interlaminar 
sliding was uniform along the edge of the laminate and was mainly due to interfacial 
shear stresses. The interface properties were obtained by predicting the interfacial 
sliding and fitting the plot of the measured sliding against the tensile load. A good 
prediction of the plot was observed. 
 
In the present paper, more complex experimental observations and measurements in 
adhesive joints are used to validate the enhanced layerwise model. The experiments 
carried out by Chataigner et al. in [30] consisted on tensile tests on double lap adhesive 
joints with an elasto-plastic adhesive exhibiting important plastic strains prior to 
adherend failure. The UD carbon epoxy adherends were bonded with an epoxy 
adhesive. The properties of the involved materials are shown in Table 1. In Figure 1, the 
behavior of the adhesive subjected to a tensile load is shown. Plasticity with hardening 
is observed. The geometry of the adhesive joints is shown in Figure 2. In order to ease 
the measurement of the sliding between the inner and outer adherends, vertical lines 
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were drawn along the lap length as shown in Figures 2 and 3. As will be shown later, 
the sliding is not uniform along the adhesive length.  
 
With our layerwise model, owing to its small thickness, the adhesive layer is modeled 
as an imperfect interface. The predicted displacement discontinuity 1  across the 
imperfect interface is to be compared to the measured sliding between adherends. The 
stress state at the imperfect interface is deduced from the generalized stresses:  
 the in-plane normal stresses are 
1 xx  and 2 yy  
 the in-plane shear stress is 12  
 the peel stress is 
3  
 the out-of plane shear stresses 
13 xz  and 23 yz . 
These generalized stresses are z-independent. 
 
It is well known that the adhesive behavior may exhibit a strong dependence on the 
hydrostatic stress and that a Drucker-Praguer-like model would predict it accurately. 
This type of model would require more tests for the parameters identification. For the 
sake of simplicity, an elastic-plastic model with isotropic hardening is adopted in this 
paper. The yield function is  
  0 
aeq Kpf σ     (1) 
where 
eq  is the equivalent Von-Mises stress in the “interface layer”; K, a, and 0  are 
properties of the adhesive which are identified by fitting the experimental curve in 
Figure 1. After identification we obtain K=60MPa, a=0.2and 110  MPa. A plane 
strain state is assumed. The considered geometry and the boundary conditions are 
shown in Figure 2.  
 
In Figure 4, the experimental and theoretical slidings are plotted against the position x 
along the lap length for a load of 26KN. It can be observed that the sliding is not 
uniform along the lap length and the layerwise model provides accurate predictions of 
the sliding. In Figure 5, the applied load is plotted versus the sliding deduced from line 
A in Figure 2 (located at 1.2mm from the end). One may observe that the sliding at the 
given point is not proportional to the applied load (plasticity has an important effect). 
Once again, the layerwise model provides very accurate predictions. 
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It is clear that the evaluation of the accuracy of the model in the present paper uses more 
complex results than those used by Aquino de los Rios et al in [33]. Moreover, in the 
present paper, the interface properties are obtained from bulk material tests instead of an 
identification based on fitting the sliding measurements. 
 
2. Failure prediction 
 
2.1 Prediction of adherend failure 
 
In this subsection, we analyze once again the experimental results obtained by 
Chataigner et al [30] with double lap joints with an elastoplastic epoxy adhesive. Three 
adhesive lengths were tested (62mm, 40mm and 20mm). In these joints, the failure 
initiation occurred at the inner composite adherends (delaminations within the adherend 
and near the composite/adhesive interface). Our model reveals that shear and normal 
stresses that would cause delamination reach their maximum at the vicinity of point B in 
Figure 2. These stresses and the interfacial stresses at the adherend/adhesive interface 
are practically the same. Let us now employ a Von-Mises-like criterion involving the 
out of plane stresses to predict delamination onset within the adherends: 
03 213
2
3 
f      (2) 
where 
f  is the out-of plane strength of the adherend. The axial stress that leads to 
failure onset in the longer specimens is 1700MPa [30]. The model predicts 57MPa for 
the 213
2
3 3   stress. We thus choose 
f =57MPa in our criterion for predicting failure 
for any other adhesive length. In Figure 6, the theoretical and experimental critical axial 
stresses are plotted against the adhesive length. In this Figure 6, we also added the plot 
of the predictions of Volkersen’s theory [35] (a shear-lag model) widely used for 
adhesive joint design. This theory is based on linear elastic approximations of the stress 
field. The layerwise model reproduces accurately the experimental curve whereas the 
Volkersen’s theory overestimates considerably the strength for small adhesive lengths. 
These results prove then that the model is suitable to predict a joint failure when 
plasticity in the adhesive layer is due predominantly to out of plane shear stresses. 
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Let us point out that in this example the failure criterion in the adherend only considered 
delamination in the composite adherend layers. In a general case for composite 
adherends, the failure criterion should also be able to predict transverse cracking. The 
M4-5N model with a pertinent failure criterion offers the possibility to perform this 
task. For this, a more complete characterization of the adherends is required in order to 
determine the critical generalized forces and stresses that would appear in the failure 
criterion. 
 
2.2 Prediction of cohesive and adhesive failure 
 
In this subsection, we analyze the experimental results obtained by Castagnetti et al [34] 
with bonded T-peel joints. Aluminum and steel adherends were tested with a same 
epoxy adhesive. The geometry of the specimens is shown in Figure 7 and the 
dimensions and notations of the coupons are detailed in Table 2. Two adherend 
thicknesses (2 and 3 mm) and two distances b (12 and 20mm) of the force axis to the 
left end of the adhesive were considered (see Figure 7). The adhesive thickness was 
1.0as mm and the specimen width was 25mm. The elastic properties of the materials 
involved are shown in Table 3. Five repetitions were performed for each specimen type. 
The averages of the failure forces (peak forces) measured during the tests are listed in 
Table 2. Steel specimens exhibited a cohesive failure whereas aluminum specimens 
showed an adhesive failure. 
 
In order to apply our layerwise model to the prediction of failure in these joints, 
symmetry is applied as shown in Figure 7 (left part). At the left end of the adherend, a 
force F and a bending moment FbM   are applied. A plane strain state is assumed. 
In [34], Castagnetti et al. assumed a purely brittle response for the adhesive and didn’t 
characterize its real mechanical behavior by means of a tensile test. In [36], Goglio et al. 
performed mechanical tests with bulk specimens of the same adhesive tested by 
Castagnetti et al. A quick analysis of experimental stress-strain curves during the quasi-
static tests made in [36] proves that an elastic perfectly plastic model and a 34MPa yield 
stress are a reasonable choice for modeling the behavior of the adhesive. 
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To predict a cohesive failure, a criterion based on a maximum cumulative plastic strain 
is adopted. When the failure force is applied to steel specimens, the average of predicted 
maximum cumulative plastic strains p among the specimens is 0.0541. These maximum 
values are reached at the left edge of the joint. The cohesive failure criterion is then: 
0541.0p . With this criterion, the M4-5N model predicts the failure loads for each 
specimen. Figure 8, displays the plot of the experimental and theoretical failure forces. 
The M4-5N predictions are very accurate. 
 
To predict an adhesive failure, we adopt a criterion similar to that obtained by Hart-
Smith [10] to predict delamination onset based on a maximum “interfacial strain”. 
When the failure force is applied to aluminum joint specimens, the average of predicted 
maximum interfacial opening displacements 3  among the specimens is 1.63m at the 
left edge of the interface. The adhesive failure criterion is then: 
a
z
s
3  >0.0163, where 
z  is the interfacial opening strain. With this criterion, the M4-5N model predicts the 
failure loads for each specimen. Let us point out that the M4-5N model predicts that the 
critical strain is reached without plasticity onset (the yield stress is not attained prior to 
the failure of aluminum joint specimens). Figure 9, displays the plot of the experimental 
and theoretical failure forces. The M4-5N predictions are correct but not as accurate as 
those for steel T-joint specimens. Let us remark that an important scattering of 
experimental data exists. This scattering is surely due to manufacturing defects and the 
sensitivity of the joint strength to the quality of the adhesive left edge as suggested by 
Castagnetti et al [34]. The important sensitivity of the joint strength to the 
manufacturing quality is a proof that failure occurs with negligible plastic strains in the 
adhesive which may smooth the stress concentrations. In this manner, the zero plastic 
strains calculated by the M4-5N model in the considered joints agree with the previous 
reasoning. 
 
The above examples prove then that the model is also suitable to predict adhesive and 
cohesive failures due to peel stresses. 
 
Conclusion 
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In this paper, an experimental validation of an enhanced layerwise model for laminates 
with imperfect interfaces was performed. In this validation, the measurements of plastic 
slidings in a double-lap adhesively bonded joint [30] were accurately predicted by the 
model. The model was then applied to the failure prediction in double-lap and T-peel 
joints. Pertinent failure criteria involving the plastic strains in the adhesive, the stresses 
in the adherends and the total strains in the adhesive helped to predict accurately 
cohesive, adherend and adhesive failures, respectively. 
 
The enhanced layerwise model and pertinent failure criteria prove to be a suitable tool 
for the analysis and design of adhesive joints with a plate topology and thin layers of an 
elastic-plastic adhesive. Owing to its accuracy and less computational cost, this 
layerwise model is an attractive alternative to solid finite element calculations. In a 
subsequent paper, the limits in the modeling of adhesive layers as imperfect interfaces 
will be analyzed. This task will enable the determination of a maximum ratio of 
adhesive thickness to adherend thickness for an accurate and reliable modeling. 
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Figure 1. Stress strain curve of the elasto-plastic adhesive [30]. 
Figure 2. Geometry of the double lap joint and boundary conditions. 
Figure 3. Measuring the sliding between adherends [30]. 
Figure 4. Slidings along the lap length (experiments [30] and predictions). 
Figure 5. Applied force vs. slidings on line A in Figure 2 (experiments [30] and 
predictions). 
Figure 6. Critical stress vs. lap length (experiments [30] and predictions). 
Figure 7. T-peel joints: geometry [34] and modeling (dimensions are in mm). 
Figure 8. Failure loads for steel/epoxy specimens (experiments [34] and predictions). 
Figure 9. Failure loads for aluminum/epoxy specimens (experiments [34] and 
predictions). 
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Property \ Material Adhesive Adherend 
Young’s modulus (GPa) 2.5 162 (fibre direction) 
10.6 (transverse direction) 
Poisson’s ratio 0.3 0.3 
Out-of- plane shear modulus (GPa)  4.1 
Table 1. Elastic properties of involved materials [30]. 
 
Adherend Steel Aluminum 
Specimen 1s 2s 3s 4s 1a 2a 3a 4a 
t (mm) 2 3 2 3 2 3 2 3 
b (mm) 20 20 12 12 20 20 12 12 
F (N) 487.5 779.2 794.5 1289.3 65.3 88.6 102.7 129.6 
Table 2. Specimen notation, dimensions and failure forces [34]. 
 
 Steel Aluminum Adhesive 
Young’s modulus (GPa) 206 69 1.7 
Poisson’s ratio 0.3 0.3 0.3 
Table 3. Elastic properties of the materials applied in the T-joints [34]. 
 
